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Abstract. We present our 3.5PN computation of the (2,2) mode of the gravitational
wave amplitude emitted by compact binaries, on quasi-circular orbits and in the ab-
sence of spins. We use the multipolar post-Newtonian wave generation formalism,
extending and building on previous works which computed the 3PN order. This calcu-
lation required the extension of the multipolar post-Minkowskian algorithm, as well as
the computation of the mass source quadrupole at 3.5PN order. Our result will allow
more accurate comparisons to numerical relativity, and is a first step towards the com-
putation of the full 3.5PN waveform amplitude, which would improve the estimation of
the source parameters by gravitational wave detectors.
1. Introduction
Gravitational wave detectors such as VIRGO, LIGO and the planned space-based de-
tector LISA, need an accurate theoretical prediction for the expected signal of compact
binary systems. Cross-correlation with a bank of templates will allow on-line detec-
tion and off-line parameter estimation of the source. This has driven a lot of effort
for gaining accuracy in our modelling of the signal, both with analytical and numeri-
cal methods. Templates currently in use combine post-Newtonian information for the
inspiral phase (Blanchet 2006) with numerical relativity results for the plunge, merger
and ringdown phases (Pretorius 2005; Baker et al. 2006; Campanelli et al. 2006), which
are matched together to provide the full gravitational waveform, e.g. Pan et al. (2011).
In the current state of the art of the post-Newtonian framework, the equations
of motion and phase evolution of the binary are known up to the 3.5PN order, while
the full waveform is known up to the 3PN order (Blanchet et al. 2008) — with as usual
1PN corresponding to 1/c2. Extending our knowledge of the waveform up to the 3.5PN
order would improve the parameter estimation of the source. In particular, for super-
massive black holes in the LISA range, it has been shown by Arun et al. (2007) and
Trias & Sintes (2008) that a significant improvement on the angular resolution and dis-
tance measurement was obtained by including higher-order harmonics in the signal.
Another interesting outcome of higher-order computations will be to compare the re-
sults obtained with the ones of the numerical relativity codes.
In this work which is a summary of Faye et al. (2012), we address the computation
of the 3.5PN contribution to the quadrupolar mode (2,2) of the waveform. This mode
corresponds to the leading order quadrupolar radiation, and it is the mode which is
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computed the most accurately by numerical codes. Our result constitutes a first step
towards the computation of the full 3.5PN waveform.
2. 3.5PN equations of motion in the quasi-circular case
While addressing the computation of the 3.5PN order of the quadrupolar mode in the
waveform, we shall need 3.5PN order information on the equations of motion as well,
which is known from previous works. We model the inspiralling compact binary by
two point-like particles characterized by their masses m1 and m2. Denoting the relative
position and velocities of the two particles by x = y1 − y2 = r n and v = dxdt, using the
notation ℓ = x × v/|x × v| for the unit vector orthogonal to the orbital plane (which is
fixed in the non-spinning case) and finally completing the triad by λ = ℓ × n, we have
for quasi-circular orbits
v = r˙ n+ r ω λ , (1)
dv
dt = −ω
2 x +
( ω˙
ω
+ 2
r˙
r
)
v + O (10) . (2)
Here O(n) means O(c−n), and the orbital frequency is ω = ϕ˙ with ϕ being the orbital
phase. We used the facts that r˙ = O(5), r¨ = O(10), ω˙ = O(5) for a quasi-circular orbit
decaying by the effect of gravitational radiation.
On one hand, the information about the conservative part of the dynamics for cir-
cular orbits is contained in the generalized Kepler’s law ω(r). This relation has been
computed in harmonic coordinates (Blanchet et al. 2004), in Arnowitt-Deser-Misner
(ADM) coordinates (Damour et al. 2001), and recently retrieved by effective field the-
ory methods (Foffa & Sturani 2011). It reads, defining m ≡ m1 + m2, ν = m1m2/m2,
and the PN parameter γ ≡ Gm/rc2 :
ω2 =
Gm
r3
{
1 + γ
(
−3 + ν
)
+ γ2
(
6 + 41
4
ν + ν2
)
+γ3
(
−10 +
[
−
75707
840 +
41
64π
2
+ 22 ln
(
r
r′0
)]
ν +
19
2
ν2 + ν3
)}
+ O(8) . (3)
The constant r′0 is specific to harmonic coordinates and disappears from the physical re-
sults in the end. On the other hand, the 2.5PN and 3.5PN contributions to the equations
of motion correspond to radiation reaction which drives the evolution of the orbital
parameters according to :
r˙ = −
64
5
√
Gm
r
ν γ5/2
[
1 + γ
(
−
1751
336 −
7
4
ν
)]
+ O(8) ,
ω˙ =
96
5
Gm
r3
ν γ5/2
[
1 + γ
(
−
2591
336 −
11
12
ν
)]
+ O(8) . (4)
3. Gravitational waveform for non-spinning binaries
3.1. Definitions and notations
Defining an asymptotic Bondi-type coordinate system Xµ = (cT, X) (Thorne 1980), the
gravitational waveform may be parametrized by so-called radiative symmetric, trace-
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free (STF) mass and current multipole moments UL and VL according to
hTTi j =
4G
c2R
Pi jkl(N)
+∞∑
ℓ=2
1
cℓℓ!
{
NL−2 UklL−2(TR)
−
2ℓ
c(ℓ + 1) NaL−2 εab(k Vl)bL−2(TR)
}
, (5)
keeping only terms of order O(1/R), with R and N the radial distance and unit vector,
and TR = T − R/c the retarded time. We use a multi-indices notation AL = Ai1...il , and
Pi jkl is the transverse-traceless projector. Next, the two polarizations of the waveform
are defined as
h+ =
1
2
(
PiP j − QiQ j
)
hTTi j , (6)
h× =
1
2
(
PiQ j + P jQi
)
hTTi j , (7)
where we take as a convention for the polarization vectors P = −eΦ and Q = eΘ, where
(Θ,Φ) refer to the direction N towards the observer. Decomposing h ≡ h+−ih× in terms
of spin-weighted spherical harmonics of weight −2, we define the spherical modes of
the waveform hℓm by :
h =
+∞∑
ℓ=2
ℓ∑
m=−ℓ
hℓm Yℓm−2 (Θ,Φ) . (8)
This defines in particular the h22 mode of the waveform, the computation of which we
address in this work. Notice that, from the rotational invariance of the system, it can be
shown that hℓm depends on the orbital phase ϕ as e−imϕ, so that h22 corresponds to the
quadrupolar radiation at twice the orbital frequency.
3.2. Mode separation for planar binaries
Now, let us stress an important property, valid for any binary without precession of the
orbital plane, possibly on an elliptical orbit or including spins aligned or anti-aligned
with the orbital angular momentum. The parity invariance of the problem and the sym-
metry of revolution together translate into the following relations for the waveform :
hTTi j (−X, T ;−yA,−vA) = hTTi j (X, T ; yA, vA) , (9)
h(π − Θ, φ) = h(Θ, φ) , (10)
where X is the position of the observer, with angular coordinates (Θ,Φ), and yA, vA are
the positions and velocities of the two massive bodies. We set φ ≡ ϕ −Φ + π/2, so that
h depends only on Θ and this relative phase φ by rotational invariance.
Using the properties of spin-weighted tensor spherical harmonics, one obtains :
hℓm ∝ UL when ℓ + m even ,
hℓm ∝ VL when ℓ + m odd . (11)
In particular, h22 depends only on Ui j and not on Vi j, and this dependence reads (with
1, 2, 3 labelling the Cartesian coordinates, and recalling that Ui j is STF) :
h22 = − G
Rc4
√
4π
5
(
δ1i − iδ
2
i
)(
δ1j − iδ
2
j
)
Ui j . (12)
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4. Computation of the quadrupole mode
As we have seen, the computation of the h22 mode reduces to the one of the radia-
tive mass quadrupole Ui j. Extending the multipolar-post-Minkowskian (MPM) formal-
ism (Blanchet & Damour 1986; Blanchet 1998; Blanchet et al. 2008) to 3.5PN order,
we express Ui j first in terms of canonical moments {ML, S L}, and then of source mo-
ments {IL, JL} and gauge moments {WL, XL, YL, ZL} which correspond to higher-order
corrections. The result of this algorithm reads schematically (the explicit formulas are
too long to be displayed here) :
Ui j = U insti j + U
tail
i j + U
mem
i j . (13)
We find that no cubic interactions between momenta arise at this order, for the radiative
mass quadrupole. U insti j contains the leading order contribution, which is simply the
second time derivative M(2)i j , as well as higher-order instantaneous interactions between
the ML and S L. The tail and memory contributions U taili j and U
mem
i j are hereditary,
and take the form of integrals over the whole past of the source, with a logarithmic
kernel in the case of tails. Then, the canonical moments {ML, S L} can be reexpressed
in terms of the source and gauge moments {IL, JL,WL, XL, YL, ZL}, which themselves
admit expressions as integrals, over space, of the stress-energy pseudotensor which
includes both matter and non-linearities in the metric perturbation. At leading order,
canonical and source moments are identical, and they start differ at 2.5PN order.
Along with lower-order expressions for the other moments, the quadrupole source
moment Ii j has to be computed to the 3.5PN order. For quasi-circular orbits, it admits
the following structure, with brackets for STF projection :
Ii j = νm
(
A x〈ix j〉 +
r2
c2
B v〈iv j〉 +
48
7
G2m2ν
c5r
CRR x
〈iv j〉
)
+ O (8) . (14)
The coefficients A and B correspond to the conservative part and are already known
up to 3PN order (Blanchet & Iyer 2004). The 3.5PN contribution, which we had to
compute, enters only the radiation reaction coefficient CRR, for which we obtain :
CRR = 1 + γ
(
−
256
135 −
1532
405 ν
)
+ O(3) . (15)
Notice finally that the assumption of a quasi-circular orbit plays a crucial role
when computing hereditary integrals in the memory and tail terms.
5. Result
We absorb logarithmic terms, originating from the tails, by the following change of
phase variable :
ψ = ϕ −
2GMω
c3
ln
(
ω
ω0
)
, (16)
which takes in fact the same form as at lower order, but where the ADM mass M
includes its 2PN corrections; ω0 relates to a constant τ0 introduced in the kernel of the
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tail integrals. Posing :
hℓm = 2G m ν x
R c2
√
16π
5 H
ℓm e−imψ , (17)
with x ≡ (Gmω/c3)2/3, we finally obtain the following result for H22 :
H22 = 1 + x
(
−
107
42
+
55
42
ν
)
+ 2πx3/2 + x2
(
−
2173
1512 −
1069
216 ν +
2047
1512ν
2
)
+x5/2
(
−
107π
21
− 24 i ν + 34π
21
ν
)
+ x3
(27027409
646800 −
856
105 γE +
428 i π
105 +
2π2
3
+
(
−
278185
33264 +
41π2
96
)
ν −
20261
2772
ν2 +
114635
99792 ν
3 −
428
105 ln(16x)
)
+x7/2
(
−
2173π
756 +
(
−
2495π
378 +
14333 i
162
)
ν +
(
40π
27
−
4066 i
945
)
ν2
)
, (18)
where γE is the Euler’s constant appearing at 3PN. The newly computed 3.5PN terms in
this expression are the ones proportional to x7/2. We find agreement for ν → 0 with the
test mass limit obtained by black-hole perturbation theory in Tagoshi & Sasaki (1994).
This new result is ready for comparison with high-precision numerical relativ-
ity outputs. However, the computation of the other modes to the 3.5PN order is not
straightforward, especially for the (2, 1) mode, and is left for future work.
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